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The z-transform

DTFT



Fourier and z transform

DTFT

DTFT



Relation between Z-Transform and DTFT



Region of convergence



Region of Convergence



Ring of Convergence in the z-plane



Examples of z-transform
 The z‐transform of the bilateral sequence x(n) = 
2δ(n+1)+ δ(n)+ 4δ(n‐2) is:



Geometric series
 The general formula for converging geometric series is:

 For infinite series the convergence request is: |q|<1



Examples of the Z- transform
 The z transform for the step function u(n)

Causal                                                               Anticausal



Examples of the Z- transform



Finite causal sequence z-transform
 Given the following sequence:
 x(n) =αn [u(n) ‐ u(n ‐ N)],
 Where N is an integer and α is a real constant.



Example of a finite causal sequence
 Poles are the roots of the denominator
 Zeros are the roots of the numerator

 The X(z) has a pole of order N – 1 in the origin and N ‐1 
zeros (the z = α root pole at the denominator is
compensated by a zero in the same position).



Example of a finite causal sequence
 The polynomial N: zN ‐ αN has
N zeros uniformly distributed
along the circle of radius α.

 The roots of the polynomial
are at these complex
pulsations.



Example of an infinite causal sequence

 Find the z‐transform of the following sequence:

 It is a geometric series of ratio:           converging at:11
2
z



Rational Z transform
 For most common cases X(z) is the ratio between two
polynomials:

X(z) = N(z)/D(z)
 Where N(z) e D(z) are two polynomials of variable z‐1, 
of degree pn and pd respectively.

 The extended notation of the two polynomials are 
N(z) and D(z):



Rational Z transform
 The z‐transform can be expressed through the 
factoriziation of both numerator and denominator:



LTI systems analysis by the z-transform
 Time discrete LTI systems can be described as finite 
differences linear equations with constant
coefficients.

 Applying the DTFT to each term:

 Remember:



LTI system analysis by the z-transform
 Gathering all the terms in Y(ejω) and X(ejω) we obtain

 Thanks to the convolution theorem:

 The frequency responseH(ejω) for an LTI system defined by
finite differences equations can be defined as:



LTI system analysis by the z-transform
 Thanks to the relation between the DTFT and the 
z‐transform :

 Through the application of the convolution 
theorem the response of the complex frequency 
system Z is:



LTI system analysis by the z-transform

 We know that the transfer functionH(ejω) is a rational
funcion, so that the transfer functionH(z) is also a 
rational funcion like: N(z)/D(z)

 That corresponds to the finite difference equation.



LTI systems
 In the set of LTI system, described throught the 
difference equations we can define two kinds of
systems.

 FIR, Finite Impulse Response filters: non recursive
systems where the output y(n) has a dipendence just 
from the input signal x(n):



LTI systems
 IIR, Infinite Impulse Response Filters: systems where
the outputs y(n) depend both from inputs and from
outputs themselves :

 A sub‐set of this kind of systems concern only
recursive filters, i.e. where the output depends just 
from the actual input and from previous outputs.



FIR and their z-transform
 A causal LTI  non recursive FIR filter

 It can be described by
the equation:



Pure recursive IIR filter
 An LTI causal system made of a pure IIR is a filter like:

 It can be described using the 
following equation.



LTI general case for a LTI system



LTI and z-transform
 The transfer function H(z) can be thought in terms of 
the roots of the polynomials of the numerator and 
denominator N(z) e D(z):

 The output of a LTI system is described and analyzed
by its zeros and poles.

 For a causal system the number of zeros cannot be
larger then the number of poles .



x(n) =αnu(n)

1 pole in α
1 zero in the origin



x(n) =αnu(n)



Complex and conjugate poles

Two compex
and conjugate
poles
and two zeros









FIR
 FIR :

 From a generic input x(n), we obtain the output y(n): 

 Once h(n) is known the z‐transform becomes:



Exercise 
 Find the output y(n) of a system with: 

 When the input is x(n)= u(n);



System stability
 The stability for a LTI system requires that the 
modulus of impulse response h(n) is summable

 If the system is causal the stability condition becomes: 
in the z domain the transfer function H(z) has all the 
poles inside the unitary circle of the z‐plane.



Stability
 Multiple poles on the unitary circle induce a 
polynomial grow in the impulse response.

 Has a pole of order 2 in z=1
the impulse response is
h(n)=n u(n): a slope function (it can be interpreted
as the convolution of a step with itself).



Filter design by the positioning of 
poles and zeros

 The poles must be placed close to the unitary circle at 
the complex pulsations for the frequencies of the input 
signal x(n) that must be emphasised.

 Zeros must be placed closed to the unitary circle at the 
pulsations of the input signal x(n) that must be 
attenuated.



Ideal low pass filter

 Filter poles must be placed at pulsations of the pass 
band

 Zeros must be placed on the unitary circle |z|= 1, at the 
complementary pulsations

   : 0,j
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Low pass filter 1 pole 1 zero



Low pass filter 1 pole 1 zero



Low pass filter with 3 zeros and 1 pole
 It is possible to emphasize the attenuation of the low 
pass filter at the high frequencies inserting further 
couples of complex and conjugate zeros ( for the 
physical realizability of a filter).



Low pass filter with 3 zeros



Low pass and high pass bands
1 Zero of order 2 in the origin

1 Zero of order 2 in the origin



High pass with one pole and one zero



Band pass filter 



Amplitude and phase definition
 Two samples sequence: one zero system.

 Amplitude characteristic

 Phase characteristic

  0
0jz e

z z
A z z z

z


  

     0jz e
A z z z z

    



je 



Amplitude and phase characteristic



je 



Zeros for maximum and minimum 
phase
 If zeros are on the unit circle they will delete true
sinusoids.

 If they are outside they will delete generalized growing
sinusoids.

 While, if they are inside they will delete generalized
decreasing sinusoids.

 The zeros inside the unit circle are minimum phase
zeros while the ones outside are called maximum
phase zeros.



Analysis for one zero
 The phase behavior in the origin presents a discontinuity:

 While, if we consider a zero not on the unit circle we will 
obtain:

 If the zero is inside the unit circle the phase characteristic for 
the zero frequency is null and continuous.
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Reciprocal and conjugate zeros
 When a zero is really close to the unit circle minimal 
variations of the sequence samples can generate high 
variations in the phase characteristic.

 It is interesting to notice that two zeros reciprocal and 
conjugate zeros (i.e. two sequences, each made of 2 
samples, whose z‐transforms present one zero in z0 or 
one zero in 1/ z0*) present the same amplitude response
(apart from a constant coefficient) while have
completely different phase characteristic.
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The inverse z-transform



Inspection method (cont.)



Partial fraction expansion



Partial fraction expansion



Power series expansion



Finite length sequence



Power series expansion



Properties of the z-transform
 Linearity



Time shifting



Example: shifted exponential 
sequence



Multiplication by an exponential sequence



Exponential multiplication



Exponential multiplication



Differentiation



Evaluating convolution by z-trans.



Common z-transform pairs



Relashionship with Laplace transform



Examples and properties
 Complex conjugates zeros or poles:

 An infinite number of zeros approximates a (stable) 
pole:

      1 2 2
1,21 2 0cos cos sinz z jz          

   
 

1 1
1

11
1 2 2

0 0

1

1 lim
1

1lim 1 ...
1

n nm

mn n

m

mm

az az
az

a z az a z
az

 


 
 






 



  



    



 



Examples and properties

The pole is deleted by a zero in the same position 
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All pass filters
 An LTI with a zero and a pole in reciprocal conjugate 
position is the simplest All Pass Filter:

 In this case  
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All pass filters
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All pass filter implementation



First order low/high pass



First order low/high pass



Second order all-pass filter

 d adjusts the cut‐off frequency while c the bandwidth.



Second order all-pass filter



Implementation of a second order 
all pass filter



Second order band pass/band reject



Second order band pass/band reject



Series connection of first and 
second order filters
 If several filters are 
necessary for spectrum 
shaping a series 
connection of first and 
second order filters is 
performed



Linear phase filters
 A linear‐phase filter is typically used when a causal 
filter is needed to modify a signal's magnitude‐
spectrum while preserving the signal's time‐domain 
waveform as much as possible. Linear‐phase filters 
have a symmetric impulse response, e.g.,

 every real symmetric impulse response corresponds to 
a real frequency response times a linear phase:
where 
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Linear phase filters
 α is the slope of the linear phase.
 The filter phase has the form:

 Phase delay will be:

 Group delay will be:
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