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Z transform
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Z transform definition

• The Z transform of a sequence x(n) is defined as

𝑋 𝑧 = $
! "#$

%$

𝑥 𝑛 ⋅ 𝑧#!

• z is a complex variable, 𝑧 = 𝜌𝑒&'()
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Z transform definition

• Since z is a complex number, we can represent it in the 

complex plane.
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Z transform example

• Given the sequence

X(z) = 1 + z + 2z�2
<latexit sha1_base64="3vJYOyAYRHYBG1iHjYx9g028nug="></latexit><latexit sha1_base64="3vJYOyAYRHYBG1iHjYx9g028nug="></latexit><latexit sha1_base64="3vJYOyAYRHYBG1iHjYx9g028nug="></latexit><latexit sha1_base64="3vJYOyAYRHYBG1iHjYx9g028nug="></latexit>

X(z) =
1X

�1
�(n)z�n +

1X

�1
�(n+ 1)z�n +

1X

�1
2�(n� 2)z�n

<latexit sha1_base64="O5Y3TvxzWrXewFRKLdU7McHM3xk="></latexit><latexit sha1_base64="O5Y3TvxzWrXewFRKLdU7McHM3xk="></latexit><latexit sha1_base64="O5Y3TvxzWrXewFRKLdU7McHM3xk="></latexit><latexit sha1_base64="O5Y3TvxzWrXewFRKLdU7McHM3xk="></latexit>

x(n) = �(n) + �(n+ 1) + 2�(n� 2)
<latexit sha1_base64="gg/CYmBynSNyDl5JZ7IyY3FP1h8="></latexit><latexit sha1_base64="gg/CYmBynSNyDl5JZ7IyY3FP1h8="></latexit><latexit sha1_base64="gg/CYmBynSNyDl5JZ7IyY3FP1h8="></latexit><latexit sha1_base64="gg/CYmBynSNyDl5JZ7IyY3FP1h8="></latexit>

X(z) =
1X

�1
x(n)z�n

<latexit sha1_base64="uOxe9eer5uM5TyfWUq78YfdyuvY="></latexit><latexit sha1_base64="uOxe9eer5uM5TyfWUq78YfdyuvY="></latexit><latexit sha1_base64="uOxe9eer5uM5TyfWUq78YfdyuvY="></latexit><latexit sha1_base64="uOxe9eer5uM5TyfWUq78YfdyuvY="></latexit>
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Z transform example

• Given the sequence

• Recalling geometric series: 

X(z) =
1X

0

anz�n =
1X

0

(az�1)n

<latexit sha1_base64="M6YSok/Cq1Jopl5At5QjjJfFhYs="></latexit><latexit sha1_base64="M6YSok/Cq1Jopl5At5QjjJfFhYs="></latexit><latexit sha1_base64="M6YSok/Cq1Jopl5At5QjjJfFhYs="></latexit><latexit sha1_base64="M6YSok/Cq1Jopl5At5QjjJfFhYs="></latexit>

X(z) =
1X

�1
anu(n)z�n

<latexit sha1_base64="sd0m5fM8CVes5n6n0yS4XIO/GwM="></latexit><latexit sha1_base64="sd0m5fM8CVes5n6n0yS4XIO/GwM="></latexit><latexit sha1_base64="sd0m5fM8CVes5n6n0yS4XIO/GwM="></latexit><latexit sha1_base64="sd0m5fM8CVes5n6n0yS4XIO/GwM="></latexit>

KX

0

an =
1� aK+1

1� a
<latexit sha1_base64="4BpMODA5E58YU7fWBqT5BOWIelQ="></latexit><latexit sha1_base64="4BpMODA5E58YU7fWBqT5BOWIelQ="></latexit><latexit sha1_base64="4BpMODA5E58YU7fWBqT5BOWIelQ="></latexit><latexit sha1_base64="4BpMODA5E58YU7fWBqT5BOWIelQ="></latexit>

1X

0

an =
1

1� a
<latexit sha1_base64="6BcM6ljc2iSK3P1yJkhc80zRC6k="></latexit><latexit sha1_base64="6BcM6ljc2iSK3P1yJkhc80zRC6k="></latexit><latexit sha1_base64="6BcM6ljc2iSK3P1yJkhc80zRC6k="></latexit><latexit sha1_base64="6BcM6ljc2iSK3P1yJkhc80zRC6k="></latexit>

X(z) =
1

1� az�1
<latexit sha1_base64="JPPCfC9O8u1I8LM1uX+Y6bW3hM4="></latexit><latexit sha1_base64="JPPCfC9O8u1I8LM1uX+Y6bW3hM4="></latexit><latexit sha1_base64="JPPCfC9O8u1I8LM1uX+Y6bW3hM4="></latexit><latexit sha1_base64="JPPCfC9O8u1I8LM1uX+Y6bW3hM4="></latexit>

x(n) = anu(n)
<latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="HgnSJLozZdz9Z1g0iopOoeipRc8=">AAACLnicbVE9T8MwEHX4LKFAO7NYVCCGqnKQUGFDYmEsEqWV2qpynGuxcBLLviBQlD/Ayu/hhzCzIX4EbsgAhTc9v2f77t6FWkmLjL15K6tr6xubtS1/u+7v7O416rc2zYyAvkhVaoYht6BkAn2UqGCoDfA4VDAI7y8X/uABjJVpcoNPGiYxnydyJgVHJ/WmjRbrsBL0Lwkq0iIVpk3vaBylIoshQaG4taOAaZzk3KAUCgp/nFnQXNzzOYwcTXgMdpKXfRb0MLMcU6rBUKloKcLPFzmPrX2KQ3cz5nhnl72F+J83ynB2NsllojOERCwKoVRQFrLCSBcA0EgaQOSLzoHKhApuOCIYSbkQTsxcIr8+jR6kttUAj98T+OMIZi7p8pQbiKZaY5GbeVjkrNM9PTlvszYrfN93wQbLMf4ltyedwPFrRmpknxyQYxKQLrkgV6RH+kSQiDyTF+/Ve/c+vhew4lWbaJJf8D6/AEhIqic=</latexit><latexit sha1_base64="RnIewAPfP7BDs0YKn4XfKnl9kUU="></latexit><latexit sha1_base64="B3CJg2OHuzMpsJ1jdFcEW1T1OiM="></latexit><latexit sha1_base64="Mz5JErEfnhh7lnqJTWWqWvt8Jg8="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit><latexit sha1_base64="OypRhsb+djfPZLYw9xeDVW346rc="></latexit>

x(n) = anu(n), |a| < 1
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Z transform properties

•

•

•

•

•

•

Z{x(n� k)} = X(z)z�k
<latexit sha1_base64="8F3E7scJn02AtTZNdiYCsa0k2/g="></latexit><latexit sha1_base64="8F3E7scJn02AtTZNdiYCsa0k2/g="></latexit><latexit sha1_base64="8F3E7scJn02AtTZNdiYCsa0k2/g="></latexit><latexit sha1_base64="8F3E7scJn02AtTZNdiYCsa0k2/g="></latexit>

Z{x(n)an} = X
⇣z
a

⌘

<latexit sha1_base64="vNET1gd88OFAUh2Y3kMRyrkPzyc="></latexit><latexit sha1_base64="vNET1gd88OFAUh2Y3kMRyrkPzyc="></latexit><latexit sha1_base64="vNET1gd88OFAUh2Y3kMRyrkPzyc="></latexit><latexit sha1_base64="vNET1gd88OFAUh2Y3kMRyrkPzyc="></latexit>

Z{nx(n)} = �z
dX(z)

dz
<latexit sha1_base64="tlZ3nX60zdMJ4+4E9kbDGKC9ypc="></latexit><latexit sha1_base64="tlZ3nX60zdMJ4+4E9kbDGKC9ypc="></latexit><latexit sha1_base64="tlZ3nX60zdMJ4+4E9kbDGKC9ypc="></latexit><latexit sha1_base64="tlZ3nX60zdMJ4+4E9kbDGKC9ypc="></latexit>

Z{x(�n)} = X(z�1)
<latexit sha1_base64="PHsIjPxuqchQVqRA07AQoflzI1I="></latexit><latexit sha1_base64="PHsIjPxuqchQVqRA07AQoflzI1I="></latexit><latexit sha1_base64="PHsIjPxuqchQVqRA07AQoflzI1I="></latexit><latexit sha1_base64="PHsIjPxuqchQVqRA07AQoflzI1I="></latexit>

Z{ax(n) + by(n)} = aX(z) + bY (z)
<latexit sha1_base64="1jJRpRO2LCBicUqYnLAtu2accb8="></latexit><latexit sha1_base64="1jJRpRO2LCBicUqYnLAtu2accb8="></latexit><latexit sha1_base64="1jJRpRO2LCBicUqYnLAtu2accb8="></latexit><latexit sha1_base64="1jJRpRO2LCBicUqYnLAtu2accb8="></latexit>

Convolution theoremZ{x(n) ⇤ y(n)} = X(z) · Y (z)
<latexit sha1_base64="PvD0dYdxXcTa/jKbYJ7gWcPL+ZI="></latexit><latexit sha1_base64="PvD0dYdxXcTa/jKbYJ7gWcPL+ZI="></latexit><latexit sha1_base64="PvD0dYdxXcTa/jKbYJ7gWcPL+ZI="></latexit><latexit sha1_base64="PvD0dYdxXcTa/jKbYJ7gWcPL+ZI="></latexit>
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Ex 8a: Z-transform convolution property
• Given a signal x(n) = [3, 2, 1, 0, 1], n in [-2, 2]

• Given a LTI system with h(n) = [1, 3, 2.5, 4, 2], n in [0, 4]

• Compute the output of the system using ‘conv’. Which is the 

support of y(n)?

• Write the expression of H(z).

• Exploiting the convolution theorem, compute Y(z) = X(z) H(z)

• Which is the order of polynomial H(z)?
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Z-transform expressions
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Z transform expressions

There are several ways to represent Z-transform

1. , 

• N(z) and D(z) are polynomial expressed in z^-1

• Useful to compute the Inverse Z transform

2.

• Useful for filter characterization

• are called ‘zeros’,      are called ’poles’    

X(z) =
N(z)

D(z)
=

b0 + b1z�1 + b2z�2 + ...+ bNz�N

a0 + a1z�1 + a2z�2 + ...+ aDz�D
<latexit sha1_base64="RgAuWaw52DSCq5yP2U1MaBS24U0="></latexit><latexit sha1_base64="RgAuWaw52DSCq5yP2U1MaBS24U0="></latexit><latexit sha1_base64="RgAuWaw52DSCq5yP2U1MaBS24U0="></latexit><latexit sha1_base64="RgAuWaw52DSCq5yP2U1MaBS24U0="></latexit>

X(z) = zD�N b0
a0

QN
i=1(z � zi)QD
i=1(z � pi)

<latexit sha1_base64="7cArExiIS44zl3JuwRXrmjL8SiU="></latexit><latexit sha1_base64="7cArExiIS44zl3JuwRXrmjL8SiU="></latexit><latexit sha1_base64="7cArExiIS44zl3JuwRXrmjL8SiU="></latexit><latexit sha1_base64="7cArExiIS44zl3JuwRXrmjL8SiU="></latexit>

zi
<latexit sha1_base64="w/j2fFa1of4iHLLEgAvtdNrUOlo="></latexit><latexit sha1_base64="w/j2fFa1of4iHLLEgAvtdNrUOlo="></latexit><latexit sha1_base64="w/j2fFa1of4iHLLEgAvtdNrUOlo="></latexit><latexit sha1_base64="w/j2fFa1of4iHLLEgAvtdNrUOlo="></latexit>

pi
<latexit sha1_base64="ZGp64qdLOigTiurzuABZ1D6mQm8="></latexit><latexit sha1_base64="ZGp64qdLOigTiurzuABZ1D6mQm8="></latexit><latexit sha1_base64="ZGp64qdLOigTiurzuABZ1D6mQm8="></latexit><latexit sha1_base64="ZGp64qdLOigTiurzuABZ1D6mQm8="></latexit>
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Z transform relationship with LTI systems

Given x(n) and h(n) (impulse response of LTI system):

The same system can also be described by a linear difference

equation with constant coefficients

y(n) = x(n) ⇤ h(n)
<latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit>

DX

k=0

aky(n� k) =
NX

k=0

bkx(n� k)
<latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit>

y(n) =
NX

k=0

bkx(n� k)�
DX

k=1

aky(n� k)
<latexit sha1_base64="I3J224rsPLyWKMzTTYRxOnJ1dik="></latexit><latexit sha1_base64="I3J224rsPLyWKMzTTYRxOnJ1dik="></latexit><latexit sha1_base64="I3J224rsPLyWKMzTTYRxOnJ1dik="></latexit><latexit sha1_base64="I3J224rsPLyWKMzTTYRxOnJ1dik="></latexit>

Moving Average
(FIR)

Autoregressive
(IIR)
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Z transform relationship with LTI systems

Converting in Z domain

Since , 

Thanks to the convolution theorem:

y(n) = x(n) ⇤ h(n)
<latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit><latexit sha1_base64="zdd9G8iIpQDs+2wTJ8Ni355TAck="></latexit>

Y (z) = X(z)H(z)
<latexit sha1_base64="8zW4c4QQ4gBgwHt3bIzhRCX7e1A="></latexit><latexit sha1_base64="8zW4c4QQ4gBgwHt3bIzhRCX7e1A="></latexit><latexit sha1_base64="8zW4c4QQ4gBgwHt3bIzhRCX7e1A="></latexit><latexit sha1_base64="8zW4c4QQ4gBgwHt3bIzhRCX7e1A="></latexit>

DX

k=0

aky(n� k) =
NX

k=0

bkx(n� k)
<latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit><latexit sha1_base64="VWiflrt67DbN38ifipANqkt7z7U="></latexit>

H(z) =
Y (z)

X(z)
=

PN
k=0 bkz

�k

PD
k=0 akz

�k

Y (z)
DX

k=0

akz
�k = X(z)

NX

k=0

bkz
�k

<latexit sha1_base64="qcKfxp5UHYOCOzv6TD5d3cmxisc="></latexit>
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Inverse Z transform

can be computed in different ways:

1. Long division

2. Partial fract expansion

3. Viewing H(z) as cascade of filters

h(n) = Z
�1{H(z)}

<latexit sha1_base64="xTtBGiq+7kQvZfiL+SBoCUbDO+A="></latexit><latexit sha1_base64="xTtBGiq+7kQvZfiL+SBoCUbDO+A="></latexit><latexit sha1_base64="xTtBGiq+7kQvZfiL+SBoCUbDO+A="></latexit><latexit sha1_base64="xTtBGiq+7kQvZfiL+SBoCUbDO+A="></latexit>

h(n)
<latexit sha1_base64="PZwOUVtw9ihSecyaUXUS2zC9Fto="></latexit><latexit sha1_base64="PZwOUVtw9ihSecyaUXUS2zC9Fto="></latexit><latexit sha1_base64="PZwOUVtw9ihSecyaUXUS2zC9Fto="></latexit><latexit sha1_base64="PZwOUVtw9ihSecyaUXUS2zC9Fto="></latexit>

h1(n) ⇤ h2(n) ⇤ h3(n)...
<latexit sha1_base64="bRE/UwsvymB2v6nG2lJ1aiLUm/Y="></latexit><latexit sha1_base64="bRE/UwsvymB2v6nG2lJ1aiLUm/Y="></latexit><latexit sha1_base64="bRE/UwsvymB2v6nG2lJ1aiLUm/Y="></latexit><latexit sha1_base64="bRE/UwsvymB2v6nG2lJ1aiLUm/Y="></latexit>

H(z) =
Y (z)

X(z)
=

PN
k=0 bkz

�k

PD
k=0 akz

�k
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Inversion of a polynomial Z transform

• Given the Z-transform of h(n), 

• We can compute its root decomposition:

• are called roots of the polynomial ,     

• Thanks to the convolution theorem, 

zn
<latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit>

H(z)
<latexit sha1_base64="8KqMT/1+o5WobQnIb4bbjS/46zI="></latexit><latexit sha1_base64="8KqMT/1+o5WobQnIb4bbjS/46zI="></latexit><latexit sha1_base64="8KqMT/1+o5WobQnIb4bbjS/46zI="></latexit><latexit sha1_base64="8KqMT/1+o5WobQnIb4bbjS/46zI="></latexit>

H(z = zn) = 0
<latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit>

H(z) =
kX

n=0

h(n)z�n

<latexit sha1_base64="ETXONktH+w0SOorOJPHCMZyzY/w="></latexit><latexit sha1_base64="ETXONktH+w0SOorOJPHCMZyzY/w="></latexit><latexit sha1_base64="ETXONktH+w0SOorOJPHCMZyzY/w="></latexit><latexit sha1_base64="ETXONktH+w0SOorOJPHCMZyzY/w="></latexit>

H(z) = h0

kY

n=1

(1� znz
�1), h0 = H(n = 0)

<latexit sha1_base64="qsJytKmgufxdmQSXiwQWr7+coLc="></latexit><latexit sha1_base64="qsJytKmgufxdmQSXiwQWr7+coLc="></latexit><latexit sha1_base64="qsJytKmgufxdmQSXiwQWr7+coLc="></latexit><latexit sha1_base64="qsJytKmgufxdmQSXiwQWr7+coLc="></latexit>

H(z) = h0H1(z)H2(z)H3(z)...Hk(z)

h(n) = h0 · h1(n) ⇤ h2(n) ⇤ h3(n) ⇤ ... ⇤ hk(n)
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Inversion of a polynomial Z transform

•

• Given the roots ,     

• Thanks to the convolution theorem we can derive the impulse

response as the cascade of multiple filters written as

elementary sequences . For example,  

zn
<latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit><latexit sha1_base64="XHvpxlXkirEGiHXgpoFJkiFoDy0="></latexit>

H(z = zn) = 0
<latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit><latexit sha1_base64="Za59Y9smhMqUdPVM3ivohouv+yI="></latexit>

h1(n) = Z�1{1� z1z
�1} = �(n)� z1�(n� 1)

<latexit sha1_base64="tmTse6bGHLChSqfhs7iVb6klY5A="></latexit><latexit sha1_base64="tmTse6bGHLChSqfhs7iVb6klY5A="></latexit><latexit sha1_base64="tmTse6bGHLChSqfhs7iVb6klY5A="></latexit><latexit sha1_base64="tmTse6bGHLChSqfhs7iVb6klY5A="></latexit>

h2(n)
<latexit sha1_base64="xFsa28m4pBeJsqQUALsLQeTPXrk="></latexit><latexit sha1_base64="xFsa28m4pBeJsqQUALsLQeTPXrk="></latexit><latexit sha1_base64="xFsa28m4pBeJsqQUALsLQeTPXrk="></latexit><latexit sha1_base64="xFsa28m4pBeJsqQUALsLQeTPXrk="></latexit>

h3(n)
<latexit sha1_base64="kn/hJrav/IpwHOfHywNbQeMBv70="></latexit><latexit sha1_base64="kn/hJrav/IpwHOfHywNbQeMBv70="></latexit><latexit sha1_base64="kn/hJrav/IpwHOfHywNbQeMBv70="></latexit><latexit sha1_base64="kn/hJrav/IpwHOfHywNbQeMBv70="></latexit>

hk(n)
<latexit sha1_base64="6XGZPX7WWX1flotnixF+S/yNbJg="></latexit><latexit sha1_base64="6XGZPX7WWX1flotnixF+S/yNbJg="></latexit><latexit sha1_base64="6XGZPX7WWX1flotnixF+S/yNbJg="></latexit><latexit sha1_base64="6XGZPX7WWX1flotnixF+S/yNbJg="></latexit>

h1(n)
<latexit sha1_base64="pDiLOUnH7oNHQ+ZN3EQj2pouiVA="></latexit><latexit sha1_base64="pDiLOUnH7oNHQ+ZN3EQj2pouiVA="></latexit><latexit sha1_base64="pDiLOUnH7oNHQ+ZN3EQj2pouiVA="></latexit><latexit sha1_base64="pDiLOUnH7oNHQ+ZN3EQj2pouiVA="></latexit>

…

H(z) = h0

kY

n=1

(1� znz
�1)
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Ex 8b: Z-transform convolution property
• Given a signal x(n) = [3, 2, 1, 0, 1], n in [-2, 2]

• Given a LTI system with h(n) = [1, 3, 2.5, 4, 2], n in [0, 4]

• Compute the output of the system using ‘conv’. Which is the 

support of y(n)?

• Write the expression of H(z).

• Exploiting the convolution theorem, compute Y(z) = X(z) H(z)

• Which is the order of polynomial H(z)?

• Compute the roots of H(z). 

• Write y1(n) as the convolution of x(n) with the filter cascade:

• Plot y(n) and y1(n) in the same figure and check if y1(n) = y(n)
h(n) = h0 · h1(n) ⇤ h2(n) ⇤ h3(n) ⇤ ... ⇤ hk(n)
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Partial fract expansion for computing 𝑍!"

M is the multiplicity of the root (or ‘pole’)      .

The Z transform inversion is the sum of simple inversions.

h(n) = Z
�1{H(z)}
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Partial fract expansion for computing 𝑍!"

The Z transform inversion is the sum of simple inversions (causal):

•

•

•

N � D
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Partial fract expansion for computing 𝑍!"

• Residues , poles and      can be found using the 

MATLAB function ‘[residues, poles, c_k] = residuez(b, a)’

• ‘b’ is the vector of the numerator coefficients (ordered from 

b_0 to b_N)

• ‘a’ is the vector of the denominator coefficients (ordered from 

a_0 to a_D).

pk
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Ex 9.a: Partial fract expansion of Z transform

• Given a LTI system with this transfer function:

• Find its partial fract expansion: 

• Save in a vector r the residues

• Save in a vector p the poles

• Save in a vector c the coefficients of the polynomial

• Find h(n) as the sum of elementary filters found with the 

partial fract expansion, n = 0:100.

H(z) =
z
�5 + z

�4 � 3z�3 � 8z�2 + 7z�1 + 9

z�3 � 2z�2 � z�1 + 2
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Another MATLAB solution for 𝑍!"

• Given

• The inverse Z transform can be found using the MATLAB 

function ‘h= filter(b, a, x)’

• ‘b’ is the vector of the numerator coefficients (ordered from 

b_0 to b_N)

• ‘a’ is the vector of the denominator coefficients (ordered from 

a_0 to a_D)

• ‘x’ is the input signal to the system. To find h(n), x must be…?

H(z) =
Y (z)

X(z)
=

PN
k=0 bkz

�k

PD
k=0 akz

�k
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Ex 9.b: Partial fract expansion of Z transform

• Given a LTI system with this transfer function:

• Find its partial fract expansion: 

• Save in a vector r the residues

• Save in a vector p the poles

• Save in a vector c the coefficients of the polynomial

• Find h(n) as the sum of elementary filters found with the 

partial fract expansion, n = 0:100.

• Find h(n) using ‘filter’, n = 0:100. 

H(z) =
z
�5 + z

�4 � 3z�3 � 8z�2 + 7z�1 + 9

z�3 � 2z�2 � z�1 + 2
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Zeros-Poles factorization 
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Zeros-Poles factorization

• Roots of numerator are called ‘zeros’

• Roots of denominator are called ‘poles’

• In MATLAB we can plot poles and zeros with the function

• ‘zplane(z, p)’ (zeros, poles, in column vectors)

• ‘zplane(b, a)’ (numerator, denominator, in row vectors)

H(z) =

PN
k=0 bkz

�k

PD
k=0 akz

�k
= z

D�N b0

a0

QN
i=1(z � zi)QD
i=1(z � pi)
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System stability

• For a system to be stable,

• If all the poles of H(z) are inside the unitary circle , 

the system is stable.

• If one positive zero is inside the unitary circle, it is called

‘minimum phase’

• If one positive zero is outside the unitary circle, it is called

‘maximum phase’

1X

n=�1
|h(n)| < 1
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Ex 10: zeros-poles factorization

• Given

• Which is the expression of H(z)?

• Which is the value of h(0)? Derive it without computing h(n). 

What about y(0)?

• Compute and plot (in the Z-plane) the zeros and poles.

• Plot h(n) for n in [0, 50] for b = 0.5 and a = 0.2. 

• Plot h(n) for n in [0, 50] for b = 1.2 and a = 0.2

• Plot h(n) for n in [0, 50] for b = 1.2 and a = 1.1

• In which situations is the system stable?

• When are the zeros minimum phase?

y(n) = x(n)� bx(n� 1) + ay(n� 1)
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Ex 11: zeros-poles factorization

• Given

•

• Which is the expression of H(z)?

• Which are the values of h(0) and y(0)? 

• For n in [0, 200], which is the expression of h(n)? Use the 

function ‘filter’

• Compute its zeros and poles.

• Plot its zeros and poles.

⇢ = 0.9, ✓ = ⇡/8
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